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Numerical Simulation of a Twisted Nematic Cell
Constructed From Micropatterned Substrates

T. J. Atherton
J. R. Sambles
Thin Film Photonics Group, School of Physics, University of Exeter,
Stocker Road, Exeter, England

A numerical model of the director field of a nematic in contact with a micropat-
terned surface has been developed. For a surface that consists of alternate home-
otropic and planar stripes, it is found that differences between the elastic
constants (of similar magnitude to those measured in commonly used materials)
lead to considerable variation in the surface pretilt promoted by a micropatterned
surface. It is furthermore shown that the director configuration adopted by a
nematic in a Twisted Nematic (TN) cell constructed from orthogonally micropat-
terned substrates is sensitive to small changes in the elastic constants and the
response to an applied field is calculated.
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I. INTRODUCTION

Surfaces patterned on the nanometre and micron scale are interesting
as a possible means of creating bistable liquid crystal displays [1]. A
variety of techniques exist to fabricate patterned surfaces: develop-
ment of a photoalignment polymer film with appropriate masks [2];
microcontact printing of Self-Assembled Monolayers (SAMS) of func-
tionalized alkenethiols [3–6]; AFM scribing of a surface to create
nanoscale patterns [1,7,8]. Typically, a patterned surface incorporates
certain regions that promote homeotropic alignment and other regions
that promote planar alignment, or planar regions with different easy
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axes. Immediately above such a surface the nematic director field n̂ is
highly distorted; away from the surface the nematic adopts a uniform
bulk orientation that depends on the relative area of the different
regions: it is possible therefore to design a surface that promotes
any desired orientation in the bulk nematic.

One pattern that has been studied theoretically is a periodic array
of alternate planar and homeotropic stripes. For a nematic with equal
elastic constants where the director is confined to a single plane,
Barbero et al. derived a Fourier series solution for the director profile
and found the bulk orientation as a function of pretilt angles and
surface anchoring strength [9]. Okano et al. found an analogous
solution using the technique of conformal mapping [10].

Kondrat et al. showed that if either the planar or homeotropic set of
stripes was much narrower than the other set, then the nematic might
adopt a spatially uniform configuration rather than the distorted con-
figuration [11]. Finally and most recently, we extended [12] Barbero
et al.’s approach to consider the situation where K2 6¼ K1 ¼ K3 (K1,
K2 and K3 are the elastic constants associated with splay, twist and
bend distortions respectively). We showed that if K2 < K1, a nematic
in contact with such a surface has lower elastic energy when the
component of the director in the plane of the substrate lies along the
length of the stripes. If the planar stripes are prepared so that the easy
axis is perpendicular to the elastically preferred direction, there exists
the possibility that the director might ‘‘twist out’’ so as to lie perpen-
dicular to the easy axis if the azimuthal anchoring strength of the
planar stripes is sufficiently low relative to the elastic constants.

Analytical solutions for the director field exist only when the direc-
tor field is confined to a single plane and where at least the splay and
bend elastic constants are equal. In this article a numerical model of
the director field is developed that is not subject to these limitations:
this model is used to determine the effect of splay-bend anisotropy
on the uniform bulk orientation promoted by the surface. A Twisted
Nematic (TN) device constructed from two orthogonally patterned
substrates is also modelled and the behaviour contrasted with a
conventional TN device.

II. NUMERICAL MODEL

Adopting the coordinate system illustrated in Figure 1, in which the
x axis lies orthogonal to the length of the stripes and the z axis is
perpendicular to the surface, the director field n̂ must be a function
of x and z alone. The director may be written in cartesian component
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form

n̂nðx; zÞ ¼ ½nxðx; zÞ;nyðx; zÞ;nzðx; zÞ�; ð1Þ

and is subject to the constraint n2
x þ n2

y þ n2
z ¼ 1. We adopt the

cartesian representation in preference to the polar representation
because with the latter representation if the director is homeotropic
then the azimuthal Euler-Lagrange equation is ill-posed (in the
sense that the azimuthal component / is multivalued). The actual
director configuration is that which minimizes the well-known free
energy [13]

F ¼ 1

2

Z
½K1ðr � n̂nÞ2 þK2ðn̂n � r � n̂nÞ2 þK3jn̂n�r� n̂nj2

� E0E?ðrUÞ2 � E0DEðn̂n � rUÞ2�dV ð2Þ

where E? is the dielectric permittivity of the liquid crystal associated
with any direction orthogonal to the director, DE is the dielectric
anisotropy and U(x, z) is the electric potential field. In this article

FIGURE 1 Schematic of the director field for a nematic in contact with an
array of period k of planar and homeotropic stripes with mark-space ratio a.
The computational domain extends to a height h above the surface.
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we restrict our attention to the situation where the director is fixed
at a boundary, and so surface terms are omitted from (2). In order to
ensure the modulus of the director is unity at all points in space, (2)
must be supplemented by an auxiliary functional,

F0 ¼ F þ
Z

kðx; zÞðn2
x þ n2

y þ n2
z � 1ÞdV; ð3Þ

with an associated Lagrange multiplier field kðx; zÞ. The director field
that minimizes (3) is found by solving the coupled Euler-Lagrange
equations for each component

Eni
¼ @F0

@ni
�r � @F0

@rni
¼ 0; i 2 fx; y; zg: ð4Þ

and the Maxwell equation for the scalar potential

r � ðerUÞ ¼ r � ½E?rU þ DEðn̂n � rUÞn̂n� ¼ 0 ð5Þ

where e is the dielectric tensor.
In the one constant approximation (i.e., setting K ¼ K1 ¼ K2 ¼ K3),

the elastic terms in (2) reduce to

f el ¼ Kðr � n̂nÞ2dV: ð6Þ

The Euler-Lagrange equations for the director components in the
absence of an applied electric field each reduce to the Laplace equation
which may be solved by any of a variety of well-known techniques
including conformal mapping and Fourier series. We recently showed
that for a nematic with an anisotropic twist constant (i.e.,
K2 6¼ K1 ¼ K3) the Euler-Lagrange equation may be similarly reduced
to Laplace’s equation if the z coordinate is scaled appropriately.

In the general case, however, (4) and (5) must be solved numeri-
cally. The computational domain is discretized onto a Nx�Nz

rectangular mesh with a unit cell of width dx ¼ 1=ðNx � 1Þ and height
dz ¼ 1=ðNz � 1Þ and where the field variables nx, ny, nz and U are
stored at the corners of the rectangles. The Euler-Lagrange equations
may then be discretized using cell-centred finite differences

rq! qiþ1;j � qi�1;j

2dx
;

qi;jþ1 � qi;jþ1

2dz

� �
r2q! qiþ1;j þ qi�1;j � 2qi;j

dx2
þ qi;jþ1 þ qi;j�1 � 2qi;j

dz2

ð7Þ

@q

@x@z
! ðqiþ1;j � qi�1;jÞðqi;jþ1 � qi;j�1Þ

4dxdz
ð8Þ
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where the qi,j represents the value of a field variable or functional q
evaluated at coordinatesðx; zÞ ¼ ðidx; jdzÞ. Along the bottom, Dirichlet
conditions are imposed to set the director components at each stripe
and periodic boundary conditions are imposed at the left and right
hand sides. The boundary condition rq ¼ 0 is imposed at the top edge
for the director components and U is set to the value of an applied
voltage.

Discretization yields ðNx � 1Þ �Nz � 4 nonlinear equations fi and
field variables qi which may be solved by taking Newton steps [14]

qtþ1 ¼ qt þ J�1FðqtÞ ð9Þ

until convergence (J ¼ @fi=@qi is the Jacobian matrix for the set of
nonlinear equations). We stagger the update of the director compo-
nents and scalar potential values for numerical stability: we first com-
pute updated scalar potential values Vi,j via (9) from the Maxwell
equations holding director components values constant and then com-
pute updated director components (nx, ny, nz)i,j holding the scalar
potential values constant; during the latter part we first compute
the Newton step for the director components at each mesh point and
then solve for each Lagrange multiplier to maintain normalization.

To simulate a complete cell, the Euler-Lagrange equations must in
general be solved in all 3 spatial dimensions. If, however, the cell
thickness is sufficiently large in the sense that d >> k, the director
field in the centre of the cell depends on the z coordinate alone. The cell
may therefore be divided into three regions: near each of the sub-
strates the director is a function of the coordinate perpendicular to
the length of the stripes and z and so the director field is solved in
these two regions in 2 dimensions as described previously; in the
centre of the cell a 1 dimensional solver is used. Boundary conditions
at the connecting interfaces are imposed so that the field variables and
their derivatives with respect to z are continuous.

III. SIMULATION AND DISCUSSION

We first simulated a region of nematic in contact with a single pat-
terned substrate (Fig. 2) to determine the effective pretilt—the orien-
tation of the director far above the surface—as a function of the
homeotropic-planar ‘‘mark-space ratio’’ a. The height h of the compu-
tational domain (Fig. 1) was successively extended until the pretilt
value obtained for each a was unchanged. The calculation was
repeated for different K3. In typical nematic compounds K3 is greater
than K1; the calculation was performed using the ratio for E7
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K3=K1 ¼ 1.6 [15] and again with the inverse. The effective pretilt tends
towards homeotropic if K3 < K1 and towards planar if K3 > K1. The
twist elastic constant does not affect the effective pretilt when the
director is perpendicular to the length of stripes as the twist term in
the free energy (2) is zero [12].

We then simulated a twisted nematic cell constructed from two
micropatterned substrates where the alignment on the planar stripes
was fixed to be along the length of the stripes.

The director profiles obtained (Fig. 3) are plotted using the polar
representation

n̂n ¼ ðcos h cos /; cos h sin /; sin hÞ ð10Þ

computed from the cartesian components. They differ significantly for
those for a conventional Freedericksz twist cell [16] (where the surface
pretilt is 0�) in that the director tends toward homeotropic in the
centre of the cell due to the large effective pretilt at the surfaces.
The polar profile also varies considerably (Fig. 3)—the central
tilt changes by up to 20�—with what amounts to natural differences
in elastic constants between physical liquid crystal materials. As
in the semi-infinite case, K3 < K1 favours homeotropic alignment

FIGURE 2 Equilibrium bulk tilt angle h where nz ¼ sin h as a function of rela-
tive homeotropic stripe width a with rigid anchoring for three values of K3=K1.
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and K3 > K1 favours planar alignment; the situation is reversed for K2:
K2 > K1 favours homeotropic alignment and K2 < K1 favours planar
alignment.

Finally, we computed the response of the director field to an
applied voltage (Fig. 4) with E? ¼ 1; DE ¼ 1 and K1 ¼ K2 ¼ K3 ¼
1� 10�11 Jm�2. A conventional TN cell with h ¼ 0 at each surface
only switches above a threshhold voltage which is, in the 1-constant

FIGURE 3 Director profiles for a simulated cell of 20 mm thickness with
identically patterned substrates of 2mm period. Director values are shown
averaged over the x and y coordinates.
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approximation [16],

VC ¼

ffiffiffiffiffiffiffiffiffi
K

E0DE

s
ð11Þ

For the values used here VC � 3.3 V. The micropatterned TN cell
simulated has, in contrast to the conventional TN cell, virtually
switched at V ¼ VC.

IV. CONCLUSIONS

We have simulated a twisted nematic (TN) cell constructed from
two micropatterned surfaces. Our solver splits the cell into two
2-dimensional regions adjacent to either substrate and a 1-dimensional
region in the cell centre. This approach is significantly more efficient
than solving the full 3-dimensional Euler-Lagrange equations,
although that would be necessary if the cell thickness is close to the
period of the patterning.

Micropatterned surfaces offer the possibility of constructing TN
cells with arbitrary preferred surface alignment orientations, in

FIGURE 4 Director profile, averaged over the x and y coordinates, for a simu-
lated cell of 20 mm thickness with identically patterned substrates of 2 mm
period at several values of applied voltage.
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particular polar angles around 45� which are very difficult to achieve
with conventional uniform substrates. We have shown that the result-
ing cells offer essentially threshhold-less switching and require much
lower voltages than conventional TN cells to switch the cell. Further-
more, the director profile in the cell depends very strongly on the
elastic constants; such cells may potentially be used experimentally
to measure ratios of elastic constants although there remains the
problem of covariance between the two ratios K2=K1 and K3=K1.
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